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Abstract 

We use category theory to propose a unified approach to the Schur-Weyl dualities 
involving the general linear Lie algebras, their polynomial extensions and associated 
quantum deformations. We define multiplicative sequences of algebras exemplified 
by the sequence of group algebras of the symmetric groups and use them to introduce 
associated monoidal categories. Universal properties of these categories lead to uni- 
form constructions of the Drinfeld functor connecting representation theories of the 
degenerate affine Hecke algebras and the Yangians and of its g-analogue. Moreover, 
we construct actions of these categories on certain (infinitesimal) braided categories 
containing a Hecke object. 
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1 Introduction 



Classically, starting with the vector representation V of gl N and taking its tensor powers 
y®n one g e ^- s a se q Uence Q f the corresponding endomorphism algebras. In the limiting 
case iV — > oo, the sequence of the endomorphism algebras stabilizes and admits a precise 
description: this is a sequence of the group algebras of the symmetric groups S n . 

In a quantum version of the Schur-Weyl duality, the Lie algebra qI n is replaced by 
the quantized enveloping algebra U^jjl^), and the corresponding stable sequence of the 
endomorphism algebras is a sequence of the Hecke algebras H n (g). Similarly, the endomor- 
phism algebras associated with the representations of the polynomial current and loop Lie 
algebras and their quantizations lead to sequences of group algebras of affine extensions 
of the symmetric groups and the sequences of affine Hecke algebras and their degenerate 
versions. 

It is these sequences of algebras which we take as a starting point of our approach. 
We use them to construct certain categories (which we call the Schur-Weyl categories) 
modeling the parts of the corresponding representation categories generated by the vector 
representations. Each of the Schur-Weyl categories possesses a universal property: as a 
monoidal category, it is generated by a single object and a collection of endomorphisms. 
This property leads to a simple characterization of monoidal functors from these categories 
thus allowing us to reformulate the Schur-Weyl dualities as the existence and fullness 
properties of functors from the Schur-Weyl categories to the appropriate representation 
categories. 

As another application of the universal property, we show that a localized category 
associated with the (degenerate) affine Hecke algebras is equivalent to a localized category 
associated with the (semi-) affine symmetric group algebras. Moreover, motivated by 
the work [27] we construct actions of the Schur-Weyl categories corresponding to the 
(degenerate) affine Hecke algebras on certain (infinitesimal) braided categories containing 
Hecke objects. 

Category theory approaches to the Schur-Weyl duality were developed by many au- 
thors; see e.g. [I], [5], [6], [10], [25] and a recent review [30]. In our interpretation of 
the Schur-Weyl duality we do not "categorify" it in the sense of [30J, but rather give a 
categorical viewpoint based on the universality properties of the Schur-Weyl categories. 
Note also that the "higher Schur-Weyl duality" involving cyclotomic Hecke algebras does 
not appear to fit into our context as these algebras do not form multiplicative sequences; 
cf. [1] and [25]. 

We will now explain our approach in more detail by using the classical Schur-Weyl 
duality as a model example. One consequence of this duality is the fact that there are no 
non-zero homomorphisms between the m-th and n-th tensor powers of the N- dimensional 
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vector representation V of the general linear Lie algebra gl N for m 7^ n: 



Hom glN (V® m ,V® n ) = 0. 
Moreover, the natural homomorphism 

k[S n ]^End glN (V® n ) 

from the group algebra of the symmetric group is surjective (it is also injective if n ^ N) 
[T8] , [29] and [31] . Here and throughout the paper k denotes a field, and vector spaces and 
algebras are considered over k, unless stated otherwise. 

At this point we want to shift the emphasis from the Lie algebra qI n to the sequence 
of the symmetric group algebras 

k[S.] = {k[S n } \n^0} 

and to regard this sequence as the primary object of the duality The sequence k[S*\ comes 
equipped with the algebra homomorphisms 

Mm,n : k[S m ] <g> k[S n ] -)> k[S m+n ], (1.1) 

induced by the natural inclusions S m X S n <^-> S m+n . The homomorphisms // mjn satisfy 
a certain associativity property which we describe below in Sec.[2j The collection k[S*\ 
together with these homomorphisms is an example of what we call a multiplicative sequence 
of algebras. 

We can use the multiplicative sequence fcfS 1 *] to define a fc-linear monoidal category S 
whose objects [n] are parameterized by the natural numbers n ^ with no morphisms be- 
tween the objects corresponding to different numbers and with the endomorphism algebra 
Endg-([n]) of the n-th object being k[S n ]. The tensor product on objects is defined by the 
addition of natural numbers, [m] <g> [n] = [m + n], while on the morphisms it is defined by 
the algebra homomorphisms ( 11. lft . The category S possesses a universal property: it is a 
free symmetric monoidal fc-linear category generated by one object X = [1]. 

— op 

We denote by S the category of fc-linear functors from the opposite category S to the 
category of vector spaces. Then S is a free symmetric abelian monoidal /c-linear category 
generated by one object. More explicitly, S is the direct sum of the categories of right 
modules ® n JAod—k[S n ]. The classical Schur-Weyl duality implies that the symmetric 
monoidal functor from S to the category of representations of qI n sending the generator 
X to V is full (surjective on morphisms). In other words, the universal enveloping algebra 
of gl N is Tannaka-Krein dual to the symmetric monoidal functor from S to the category 
of vector spaces, sending the generator X to V. 

This construction can be generalized as follows. Let A be a unital associative algebra. 
One can start with a free symmetric monoidal category S(A) generated by one object X and 
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with A as the algebra of its endomorphisms. The corresponding multiplicative sequence 
of algebras is now the sequence of cross-products A® n * S n . We can associate with an 
iV-dimensional vector space V the symmetric monoidal functor from S(A) to the category 
of vector spaces which sends the generator X to V <S> A, considered as a vector space. Its 
Tannaka-Krein dual is the universal enveloping algebra of the Lie algebra End^^ ® A) 
of A-linear endomorphisms of V <8> A. Two examples of this situation will be particularly 
important for us due to their interesting quantizations. Namely, these are the cases where 
A is the algebra of polynomials in one variable, or its Laurent version. Then the Tannaka- 
Krein duals are respectively the universal enveloping algebras of the polynomial current Lie 
algebra Ql N [t] and of the Lie algebra of Laurent polynomials gl N [t, t~ x ]. The corresponding 
(Schur-Weyl dual) multiplicative sequences of algebras are the sequences of group algebras 
of affine symmetric (semi-)groups. 

More examples come via the Schur-Weyl duality from quantizations of the general 
linear Lie algebras or their current deformations. Namely, the multiplicative sequence of 
Hecke algebras arises from the endomorphism algebras of the tensor powers of the vector 
representation of the quantized enveloping algebra XJ q (qI n ). This gives rise to a monoidal 
category which we call the Hecke category. Furthermore, the quantum loop algebras and 
Yangians are respective quantizations of the algebras XJ(Ql N [t, t -1 ]) and U(gljv[t]). The 
Schur-Weyl dual sequence associated with the quantum loop algebras is formed by the 
affine Hecke algebras, while the dual sequence for the Yangians is formed by the sequence 
of degenerate affine Hecke algebras. 

Now we outline the contents of the paper. We start by defining multiplicative sequences 
of algebras and the corresponding Schur-Weyl categories and list their basic properties 
(Sec. [2]). In particular, we analyze a condition on an embedding of multiplicative sequences 
which guarantees that the right adjoint to the monoidal functor induced by the embedding 
(the restriction functor along the embedding) is also monoidal. This will be used later to 
construct fiber functors (i.e. monoidal functors to vector spaces) for the Schur-Weyl cate- 
gories of (degenerate) affine Hecke algebras. We also study presentations of multiplicative 
sequences in terms of generators and relations and corresponding freeness properties of the 
Schur-Weyl categories. 

In the subsequent sections we consider the families of multiplicative sequences of alge- 
bras which are Schur-Weyl dual to the general linear Lie algebra, its polynomial current 
versions and their quantum deformations: the quantized enveloping algebra, the Yangian 
and the quantum loop algebra. One of the advantages of our approach is a natural and 
unifying construction of the actions of the Hecke algebras (or their affine and degenerate 
versions) on tensor powers of the corresponding (polynomially extended) vector represen- 
tation. In the case of the Yangians this action does not appear to have been previously 
described in the literature; cf. [TJ, [T3]. In the quantum loop algebra case, the action of 
the affine Hecke algebras on the tensor powers of the vector representation provides an 
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alternative to the construction previously given in [T7J Theorem 4.9]. 

In the last section we prove equivalences of certain localized categories and construct 
categorical actions of the Schur-Weyl categories. 

The work on the paper began while the first author was visiting the University of 
Sydney and it was completed during his visit to Max Planck Institut fur Mathematik 
(Bonn) in 2010. He would like to thank these institutions for hospitality and excellent 
working conditions. We would also like to thank the Australian Research Council and 
Max Planck Gesellschaft for supporting these visits. 



2 Sequences of algebras and monoidal categories 

Throughout the paper we will freely use the standard language of categories and functors; 
see e.g. [24J. All categories and functors will be linear over the ground field k, unless 
stated otherwise. All monoidal functors will be understood as strong monoidal. The set 
(or vector space) of morphisms between objects X, Y of a category C will be denoted by 
C(X, Y) and the endomorphism algebra C(X, X) of X G C will be denoted by Endc(AT). 

2.1 Multiplicative sequences of algebras and monoidal categories 

We will deal with sequences of associative unital algebras A* = {A n \ n ^ 0} equipped 
with collections of (unital) algebra homomorphisms 

^m,n ■ A m C§) A n — > A m+nj m, n ^ 0, 

satisfying the following associativity axiom: for any l,m,n ^ the following diagram 
commutes: 

A A A Vl,m®I , ■ 

Ai <g> A m ® A n ^ A l+m <g> A n 



m , n 



m . n 



A\ <8> A m+n *- Ai +m+n . 

We call such a sequence multiplicative and we will always assume that A = k. A model 
example of a multiplicative sequence of algebras is provided by the following construction. 
Let C be a (strict) monoidal category such that Endc(J) = k, where I denotes the unit ob- 
ject of C. Given an object X of C, the sequence A* with A n = Endc(A A(g " 1 ) is multiplicative 
with respect to the homomorphisms \i m ,n given by the tensor product on morphisms 

End c (X® m ) <g> Endc(X® n ) -> End c (X® m+n ). 

Moreover, any multiplicative sequence can be obtained in this way. Indeed, starting with 
a multiplicative sequence A*, define the category C(A*) with objects [n] parameterized by 
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natural numbers, with no morphisms between different objects and with the endomorphism 
algebras End^^Qn]) = A n . Define tensor product on the objects of C(A*) by [m] ® [n] = 
[m + n]. The multiplicative structure of the sequence A* yields the tensor product on 
morphisms. 

Let f* = {f n I n ^ 0} be a sequence of algebra homomorphisms f n : A n — > B n 
between the corresponding algebras of two multiplicative sequences A* and B*. We call /* a 
homomorphism of multiplicative sequences if for any m, n the following diagram commutes: 

A m ® A n *- -B m <8> -Bn 

fm+n t-j 

*" -'-'m+n. - 

We will say that /* is an epimorphism, if all homomorphisms f n are surjective. 

Note that the construction of the category C(A#) is functorial with respect to homo- 
morphisms of multiplicative sequences: a homomorphism /* : A* — > B„ defines a monoidal 

functor C(U) ■ C{ A *) -> A B *)- 

Now we denote by C(A*) the category Funct^O^A*) ? ,Vect) of fc-linear functors from 
the opposite category C(A*) op to the category of vector spaces over k. As a category, C(A*) 
is the direct sum of categories of right modules @ n M.od— A n . The monoidal structure on 
C(A^) (induced by the monoidal structure on C(A*) via Day's convolution) is given by 

M® Am N=(M®N)® An9An A m + n . (2.1) 

Here M is an A m -module, is an v4 n -module, and A m+n is considered as a left A m £g> A n - 
module via the homomorphism /i mj „. We call the monoidal category C(A*) the Schur-Weyl 
category corresponding to the multiplicative sequence of algebras A*. The subscript A* of 
the tensor product sign in (12.1 j) will usually be omitted, if no confusion is possible as to 
what multiplicative sequence is used or what monoidal category is considered. 

Suppose that C is a fc-linear category and C is an abelian category together with a 
fully-faithful fc-linear functor F : C — > C. We call C an abelian envelope of C if any object 
of C is a subquotient of a direct sum of objects from the image of F. 

Lemma 2.1. The category C(A*) is an abelian envelope of C(AA. 

Proof. By its definition, the category C(A*) is abelian. The category C(A*) is fully and 
faithfully embedded into C(A*) via the Yoneda functor Y \-t C(A*)(— ,Y). Explicitly, the 
image of [n] via this embedding is A n considered as a module over itself. It is clear that 
any object in Mod— A n is a quotient of a direct sum of copies of A n . □ 

Note that the construction of C(A*) is functorial with respect to homomorphisms of 
multiplicative sequences: a homomorphism /* : A* — > B* of multiplicative sequences 



A 



m+n 
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defines a functor 



C(/„) : C(A.) C(B,), C(/,)(M) = M ® Am 5 m , 
if M is an A m -module. Moreover, this functor is monoidal: 

C{U){M ® A « N) — (M ® A AT) ® Am+n B m+n 

(M <g) AT) ® Am ®A n B m+n 



C(/*)(M) C(/,)(JV) — ((M ® Am B m ) g» (N ® An B n )) 

The following results will be important for proving monoidality of the right adjoint 
of We start with a technical definition. We will say that an algebra A admits a 

multiplicative decomposition A = BC, if B and C are subalgebras of A and any element of 
A can be uniquely written as a product of elements of B and C, i.e. the multiplication in 
A induces the isomorphism of vector spaces B <g> C — > A. 

Lemma 2.2. Let A be an algebra with multiplicative decomposition A = BC and let A' C A 
be a subalgebra with multiplicative decomposition A' = BC , where C C C is a subalgebra. 
Then for any A' -module M the natural homomorphism 

M ® c > C -> M ® A , A, m®c^m®c, (2.2) 

induced by the embedding C C A, is an isomorphism of C -modules. 

Proof. Define the inverse to the homomorphism (12. 2p as follows. For a G A write a = be 
for unique b G B and c G C. Define the image of the element m®a = m®bc(zM <S>a> A 
to be mb <g> c G M <g>c' C It is straightforward to check that this is a well-defined map, 
which is inverse to the map ( 12. 2ft . □ 

The next theorem gives a sufficient condition which guarantees that the restriction 
functor along an embedding of multiplicative sequences of algebras is monoidal. 

Theorem 2.3. Suppose that C n C A n , n = 0, 1, ... , is an embedding of multiplicative 
sequences of algebras satisfying the condition that for each n the algebra A n admits a 
multiplicative decomposition A n = A® n C n for a certain algebra A. Then the restriction 
functor C(Ak) — > C{C^) along the embedding C* C A* is monoidal. 

Proof. Note that the algebra A m ® A n has a multiplicative decomposition 

A m ® A n = (A® C m ) <8> {A® C n ) = A.®^ + \C m <2> C n ). 
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Thus, by Lemma [2.21 the natural morphism 

M ® a N = (M ® iV) © Cm ^c„ C m+n ->• (M ® iV) ® Ara0A „ A m+n = M® Af N 

is an isomorphism. The coherence condition for this isomorphism is straightforward from 
its definition; cf. [Ml Ch. VII]. □ 

2.2 Generators and relations 

We start by defining free multiplicative sequences of algebras. Let V = {Vi \ I ^ 1} be a 
collection of vector spaces V\ parameterized by positive integers. Define another collection 
of vector spaces {M(V) m \ m ^ 1} by 

m m—l 

M (^)™ = 0(0^«), 
1=1 i=0 

where Vfti) = {v(i) \ v(i) G V{\ is a copy of the space V\ labeled by the index i. The 
components M(V) m are connected by linear maps 

a m , n : M(V) m © M(V) n -> M(V) m+n , 

where for any 1 ^ I ^ m, 1 ^ k ^ n and O^z^m — /, O^j^n — fcwe have 

SnW')) = + w ( m + j)-> veVi, weV k . 

By the definition of these maps, the following diagram commutes: 

M(V)i © M(V) m © M(V) n ai ' mm . M(V), +m © M(V r ) n 



M(V), © M(V) m+n M(V)* +m+n . 

Now let T(M(y) m ) denote the tensor algebra of the vector space M(V) m . Denote by J m 
the two-sided ideal of T(M(V) m ) generated by all elements of the form v(i)w(j) — w(j)v(i) , 
where v £ Vi, w £ V}~ with 1 ^ k ^ n, and the indices % and j satisfy the 

conditions O^i^m — l,0^j^n — k and 

+ 1, i + 2, . . . , % + 1} n {j + 1, j + 2, . . . , j + k} = 0. 

For m ^ 1 denote by A(V) m the quotient algebra T(M(V r ) m )/J m and set A(V)o = k. By 
the definition of the maps a mjn , the difference 

(o,v) 
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belongs to J m+n for any x E M(V) m and y E M(V) n . Hence, the natural homomorphisms 

T(a m , n ) : T{M(V) m © M(V) n ) ->• T(M(V) m+n ) / J m+n 

induced by the linear maps a m ^ n factor through T(M(V) m ) <g>T(M(V) n ). Moreover, the 
kernel of the homomorphism 

T(M(V) m ) ®T(M{V) n )^T(M{V) m+n )lJ m+n 

contains J rn © 1 + 1 © J n . Thus we have the algebra homomorphisms 

:A{V) m ®A{V) n ^A{V) m+n 

which turn A(V)* = {A(V) m \ m ^ 0} into a multiplicative sequence. The sequence A(V)* 
is the free multiplicative sequence of algebras generated by the collection V of vector spaces 
in the sense that given any multiplicative sequence of algebras A* = {A n \ n ^ 0}, the 
homomorphisms of multiplicative sequences A(V)* — > A* are in one-to-one correspondence 
with the sequences of vector space homomorphisms Vi — > Ai, I ^ 1. 

Now we will use free multiplicative sequences to give the definition of a multiplicative 
sequence of algebras A* generated by a family {ai\i e i of elements ai E A n ^, n(i) ^ 1. To 
this end, we let {ai} iGl be a set equipped with the degree function degaj = n{i). We will 
use this set to span a collection V of vector spaces over the field k by setting 

Vi = span of {cii | degaj = /}. (2.3) 

We will say that a multiplicative sequence of algebras A* is generated by a family {ai} ie i 
of elements a, E A n ^ if there is an epimorphism of multiplicative sequences A(V)* — >■ A* 
such that ai \— > for all i E I. 

Consider the collection of vector spaces K* = {K n \ n ^ 1}, where K n is the kernel of 
the epimorphism A(V) n — > A n . Suppose that {pj}j^j is a set of elements in the kernels, 
Pj E K m sjy Let P = {Pi | / ^ 1} be the collection of vector spaces spanned by this set so 
that 

Pi = span of {pj | deg pj = I}. 

We will say that a multiplicative sequence of algebras A* is generated by a set {aj}j £ / of 
elements ai E subject to the relations 

^(RW)=0, JEJ, (2.4) 

if for any n ^ 1 the two-sided ideal K n of A(V) n is generated by M(P) n . 

Furthermore, using free multiplicative sequences in a similar way, we can now give 
the definition of a monoidal category C generated by its object X and a family {oi} ie j of 
endomorphisms ai E Endc(X^ n ^) subject to relations 

P 3 ({a l } l ei)=0, JEJ. (2.5) 
10 



Namely, exactly as above, we let {aj}j e / be a set with the degree function dega^ = n(i) and 
introduce a collection V = {VJ | / ^ 1} of vector spaces by (12. 3p . The homomorphism of 
multiplicative sequences A(V) n — > Endc(X® n ), i— > cii, allows us to think of the elements 
of A(V)* as endomorphisms of the tensor powers of X. In particular, it allows us to say 
that the endomorphisms a« satisfy a relation p({aj}j e /) = 0, where p G v4(V)*. 

We will say that a monoidal category C is generated by its object X and a set {ai} ieI of 
endomorphisms <2j G Endc(X® n( ^) subject to the relations (12. 5p . if for any monoidal cate- 
gory V the assignment F i-> (F(X), F(aj) iG /) defines an equivalence between the category 
of monoidal functors C — > £> and the category whose objects are collections (Y, 
where K is an object of £> and {bi} i€ j is a set of endomorphisms bi G Endx^Y"®" - ^) such 
that Pj({bi}i e i) = for all j G J. 

Theorem 2.4. Lei A* 6e a multiplicative sequence of algebras generated by a set {aj}j e / 
of elements a t G A n u\ subject to certain relations (12. 4p . Then, as a monoidal category, 
the Schur-Weyl category C(A if ) is generated by the object X = [1] and the set {a^^f of 
endomorphisms a« G Fjiide(Ai,)(X® n ^) subject to the relations (12. 5p . 

Proof. Suppose that T> is a monoidal category and consider the category of monoidal func- 
tors Ci^A*) — )■ P. This functor category is equivalent to the category with the objects 
(Y, g*), where Y is an object of T> and g* = {g n \ n ^ 0} is a homomorphism of multiplica- 
tive sequences 

g n : A n -> Endp(Y^), n ^ 0. (2.6) 

Now if the multiplicative sequence of algebras A* is generated by a set {ai}^ of elements 
a, G A n (j) subject to the relations (12 .4p . then the homomorphisms (I2.6P are in a one-to-one 
correspondence with the families of endomorphisms {bi} i& j with bi G End^Y* 8 "^) such 
that ({bi} ie i) = for all j G J. □ 

3 Symmetric groups and general linear Lie algebras 

We start with the simplest case of the classical Schur-Weyl duality, namely the duality 
between the symmetric groups and the general linear Lie algebras. 

3.1 Symmetric groups and their group algebras 

Consider the standard presentation of the group S n of permutations of the set {1, . . . ,n} 
so that S n is generated by the elements t\, . . . , t n _i subject to the relations: 

t\ = 1, titi + iti = ti + ititi + i, titj = tjti for \i — j\ > 1. (3-1) 

The assignments 

ti <g) 1 !->• % I® tj H-> tj +m , 
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define natural algebra homomorphisms 

fJ"m,n '■ k[S m ] <2) fcfS^] — y k{S m + n ] 

which satisfy the associativity axiom; see Sec. 12.11 Thus we get a multiplicative sequence 
of algebras k[S*] = {k[S n ] \ n ^ 0}. 

Proposition 3.1. The multiplicative sequence k[S*\ is generated by the element t e k\S?\ 
subject to the relations t 2 = 1 in fc^] and 

fi 2 ,i{t <8> 1)^1,2(1 ® *)j"2,i(* ® 1) = ^1,2(1 ® 0)"2,i(i ® 1)^1,2(1 ® *) m /c[S 3 ]. 

Proof. This follows from the presentation of <S n ; the element t = is the non-identity 
element of S 2 - □ 

3.2 The free symmetric category 

As an immediate consequence of Theorem 12.41 and Proposition 13.11 we have the following 
universal property of the category C(k[S*}). 

Theorem 3.2. The abelian monoidal category S = C(k[S*]) is generated by an object X 
and an automorphism c: X®X-^-X®X subject to the relations 

c 2 = l, (c® l x )(l x ®c)(c®l x ) = (lx®c)(c®l x )(lx®c). (3.2) 

We will call X and c satisfying (13.21) . an involutive Yang-Baxter object and an involutive 
Yang-Baxter operator, respectively. Theorem 13.21 states that S is a free abelian monoidal 
category generated by an involutive Yang-Baxter object. 

We also formulate another universal property of S, which will be used in the next 
section. Let c mjn G S m+n be the (m, n)-shuffle preserving the orders of the first m and last 
n letters. That is, under this permutation, 

i 1 — y i -\- Ti, % — 1, . . . , m, j i—)- j — m, j = m + 1, . . . , m + n. 

The collection {c m>n | m, n ^ 0} of the isomorphisms c m , n : X® m <g> X® n -> X® n g> X® m 
defines a symmetry on the category S; see [23]. The following freeness property of the 
category S is well-known; see [2Tj . 

Proposition 3.3. T7ie category S is a free abelian symmetric monoidal category generated 
by one object. 
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3.3 Fiber functors and general linear Lie algebras 



As before, we let Vect denote the category of vector spaces over k. A monoidal fc-linear 
functor from a certain category to Vect will be called a fiber functor. Due to the freeness 
property of S as monoidal category, fiber functors S — > Vect correspond to involutive Yang- 
Baxter operators. There are quite a number of them forming algebraic moduli spaces; see 
[IT] . However, symmetric fiber functors are labeled by vector spaces (the associated Yang- 
Baxter operator is the standard permutation of the tensor factors in the tensor square). 
Thus, up to monoidal isomorphisms, symmetric fiber functors correspond to non-negative 
integers (the dimensions of the corresponding vector spaces). Denote by Fn '■ <S —> Vect 
the (isomorphism class of the) symmetric fiber functor labeled by N. 
Now the classical Schur-Weyl duality can be interpreted as follows. 

Proposition 3.4. The functor Fn factors through the category TZep(Ql N ) of representations 
of the general linear Lie algebra gl N 




1Zep(Ql N ) 



via a full monoidal functor SWn '■ S — > lZep(gl N ) and the forgetful functor 1Zep(Ql N ) — >■ 
Vect. 

Proof. Let V be the iV-dimensional vector representation of gl N . By the classical Schur- 
Weyl duality we have the homomorphisms 

k[S n ]^End aiN (V® n ) (3.4) 

which extend to a monoidal functor SWn '■ <S — > 1Zep(Ql N ) sending the generator X of S to 
V, so that SWn^X®™) = V® n . Hence the functor SWn fits into the commutative diagram 
(I3.3p . The fullness of SWn follows from the surjectivity of the homomorphisms (13. 4p . □ 

We will call SWn the Schur-Weyl functor. In what follows we will consider its quantum 
and affine analogues and establish similar properties. 

4 Hecke algebras and quantized enveloping algebras 
4.1 Braid groups and Hecke algebras 

Recall that the braid group B n is the group generated by elements t\, . . . , t n _i subject to 
the relations 

titi+iti = ti+ititi+i, t{tj = tjti for \i — j\ > 1. 
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The assignments 



ti <S> 1 1— > U, 1 <g) tj i — y tj 



j+mi 



define homomorphisms of group algebras 



k[B m ] <g> k[B n ] ->■ fc[S m+n ]. 



These homomorphisms satisfy the associativity axiom so that we get a multiplicative se- 
quence h[B*\ = {k[B n ] | n ^ 0} as defined in Sec. 12.11 The following proposition is 
immediate from the presentations of the braid groups. 

Proposition 4.1. The multiplicative sequence k[B#] is generated by the element t G k[B-2\ 
subject to the relation 

/x 2 ,i(t <g> l)/ii, 2 (l ® t)ti 2 ,i{t ® 1) = /ii, 2 (l ® *)^a,i(* ® l)/^i,2(l ® in fe[S 3 ]- 

Theorem 12.41 and Proposition 14.11 imply a description of the monoidal category associ- 
ated with the multiplicative sequence fef-B*]. 

Theorem 4.2. The abelian monoidal category B = C(k[B*\) is generated by an object X 
and an automorphism c : X ® X — > X ® X such that 



An automorphism c satisfying ( 14. ip will be called a Yang-Baxter operator, and the 
corresponding object X - a Yang-Baxter object. Theorem 14.21 states that B is a free 
monoidal category generated by a Yang-Baxter object. 

Let c m>n G B m+n be the braid whose geometric presentation in terms of strands is 
illustrated below; the first m strands pass on top of the remaining n strands: 



The collection {c m , n | m,n ^ 0} of the isomorphisms c m>n : X® m <g> X® n -> X® n <g> X® m 
defines a braiding on the category £>. The following freeness property of the category B is 
well-known; see [2T] . 

Proposition 4.3. T7ie category B is a free abelian braided monoidal category generated by 
one object. 



(c <g> lx)(lx ® c)(c <g> lx) = (U ® c)(c g> ® c). 



(4.1) 
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Suppose that q is a nonzero element of the field k. The Hecke algebra H n (g) is the 
quotient of the group algebra k[B n ] by the ideal generated by the elements (tj — q)(ti + 
with i = 1, . . . ,n — 1. Equivalently, H n (g) is the associative algebra generated by elements 
t\, . . . , t n _i subject to the relations 



By taking the quotients of the group algebras k[B n ] and using the multiplicative struc- 
ture on k[B*\ we get a multiplicative sequence of algebras H*(g) = {H n (g) | n ^ 0}. Using 
the presentation of H n (g) we come to the following. 

Proposition 4.4. The multiplicative sequence H*(g) is generated by an element t G ^(q) 
subject to the relations 



/i 2 ,i(t ® 1)^1,2(1 ® *)^2,i(* ® 1) = ^1,2(1 ® *)/*2,i(* ® 1)^1,2(1 ® *) «n H 3 (g). 

We call the category = C(H*(g)) associated with the multiplicative sequence H*(g) 
the Hecke category. The next theorem implied by Theorem 12.41 and Proposition l4.4l provides 
its description as a monoidal category. 

Theorem 4.5. The Hecke category is generated as a monoidal category by an object X 
and an automorphism c: X®X^-X®X subject to the relations 

(c-q){c + q~ 1 ) = 0, (c®l x )(lx®c)(c®l x ) = (l x ®c)(c<8)l x )(l x ®c). (4.2) 

An automorphism c satisfying (14. 2 j) will be called a Hecke Yang-Baxter operator, and 
the corresponding object X - a Hecke Yang-Baxter object. Theorem 14 . 5 1 st at es that H{q) is 
a free abelian monoidal category generated by a Hecke Yang-Baxter object. The following 
proposition is analogous to Proposition 13.31 and whose proof we also omit. 

Proposition 4.6. The category %{q) is a free abelian braided monoidal category generated 
by a Hecke Yang-Baxter object. 

4.2 Fiber functors and quantized enveloping algebras 

Let V be an iV-dimensional vector space with the basis e 1; . . . , ejv- Following [20], define 
the linear operator R : V® 2 — > V® 2 by 



(U-q)(U + q- 1 ) = 0, 




Utj = tjU for \i — j\ > 1. 



(ti-q)(ti + q- 1 ) =0 



m H 2 (g) 




if i < j, 
if i = j, 
if i > j. 



(4.3) 
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Label the copies of V in the tensor product V® n by l,...,n, respectively. Let Rij+i 
denote the operator in this tensor product space which acts as R in the tensor product of 
the copies of V labeled by / and I + 1 and acts as the identity operator in the remaining 
copies of V. By the results of [20J, the mapping ti !->■ Ri,i+i defines a representation of 
the Hecke algebra H n (g) in V® n and the image of H n (g) in the endomorphism algebra of 
y®n comrrm tes with the image of an action of the quantized enveloping algebra Ug(gljv) 
associated with qI n . Thus we get a monoidal functor J N : T-L{q) —> U q (gl N )-A4od sending 
the generator X of H(q) to V, so that J N (X® n ) = V® n . We call J N the Jimbo functor. It 
is a quantum analogue of the Schur-Weyl functor SWn] cf. Sec. 13.31 The following is a 
respective analogue of Proposition 13. 4[ where F N : %(q) — > Vect denotes the fiber functor 
labeled by N. 

Proposition 4.7. The functor Fn factors through the category \J q (gl N )-Aiod of represen- 
tations of the quantized enveloping algebra 



via a monoidal functor Jn '■ "%(<?) — > Ug(0^)-A / lo(i and the forgetful functor 
~Uq(dl N )-Mod -> Vect. 

As follows from [20], the Jimbo functor is full under some additional conditions 
(k = C and q is not a root of unity). On the other hand, if k and q are arbitrary, then an 
analogous property of Jn can be established by replacing the quantized enveloping algebra 
with an appropriate integral version; see |15j . 

5 Affine symmetric groups and loop algebras 

Let A be a unital associative algebra. Define the sequence of algebras SA n = A® n * S n 
which are the cross-products of the symmetric group algebras with the tensor powers of 
A with respect to the natural permutation actions of S n on A® n . As a vector space, the 
cross-product A® n *S n coincides with the tensor product A® n <g>k[S n }. However, the algebra 
structure of A® n * S n is different to the tensor product algebra. We will emphasize this 
fact by using the notation (ai <8> • • • <8> a n ) * o for the element of A® n * S n corresponding to 
(ai <S) ■ ■ ■ <8> a n ) £g) cr £ A® n <S) k[S n ]. The multiplication in A® n * S n is given by the following 
rule: 

((ai <g) • • • ® a n ) * a) ({b x ® ■ ■ ■ ® b n ) * r) = (aife^-ipj ® • • • ® fln^-i^)) * err. (5.1) 



Vect 




U g (Ql N )-Mod 
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The multiplicative structure on the sequence of symmetric group algebras extends to a 
multiplicative structure on SA n : 

^m,n '■ SA m ® SA n y SA m + n , m, n ^ 

with 

(((csi ® • • • ® dm) * 0") ® ((61 (8) • • • ® 6n) * r)) 

= (01 ® ■ ■ ■ <g> a m <g> 61 <g> ■ ■ ■ <g> 6 n ) * ^ m:n (a <g> r). 

Proposition 5.1. The multiplicative sequence SA* is generated by t £ S*2 C SA2 and tae 

elements of SA\ = A subject to the relations: 

t 2 = 1 in SA 2 , 

tfti,i(u <S> 1) = A*i,i(l <E> w) * 5'^-2, 

/or any n £ SAl, and 

^2,i (t (8) 1)^1,2(1 ® t)fi 2 ,i(t ® 1) = ^1,2(1 ®%2,i(*®l)/ii, 2 (l®*) S^3- 

Proof. This follows from the presentation for where all elements of A® n and the 
elements £1, . . . , t„_i are taken as generators. The defining relations are obtained by using 
the multiplication rule (15.11) and the standard presentation of S n . □ 

We let S(A) denote the Schur-Weyl category C^A*) associated with the multiplicative 
sequence SA*. The following theorem is immediate from Theorem 12.41 and Proposition 15. II 

Theorem 5.2. The category S(A) is a monoidal category generated by an object X such 
that End,s(A)(^0 = A and an automorphism c : X ® X — y X ® X subject to the relations 

c 2 = l, (c®l x )(l x ®c)(c®lA:) = (lx«»c)(c(g)lx)(lx®c) (5.2) 

and 

(a <g) b) c = c (b <g> a), a, b £ A. 

In other words, the category S(A) is a free symmetric category generated by an object X 
such that Ends(A)(X) = A. □ 

Example 5.3. Monoidal autoequivalences ofS(A). Let / be an automorphism of the algebra 
A. By Theorem 15.2} the assignment (F(X), F(a), F(c)) := (X, f(a), c) for all a £ A defines 
a monoidal functor Tf : S(A) — y S(A). The composition Tf o T g is canonically isomorphic 
(as a monoidal functor) to Tf g . Clearly, T\ is canonically isomorphic to the identity functor. 
Thus, Tf is a monoidal autoequivalence of S(A) for any automorphism / of A. 
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Note that in the particular case when A = k[u], the automorphism group Aut (&;[«]) 
is isomorphic to the semi-direct product k* ix k: any automorphism of k[u] has the form 
<fi a £ with a G k* and b G k, and a ,b(w) = au + b. Later on we will consider quantum 
deformations of the category S [k[u]); namely, the categories corresponding to multiplicative 
sequences of the affine Hecke algebras and their degenerate versions. In those cases, the 
automorphism group Aut(fc[w]) will be reduced to one-parameter subgroups with 6 = 
and a = 1, respectively; see also Examples 16.31 and 17.61 □ 

5.1 Affine symmetric groups and free affine symmetric category 

Here we consider two particular cases of the general construction described above. We will 
take A to be the algebra of Laurent polynomials k[u ] = k[u, u~ x ] in a variable u and the 
algebra of polynomials k[u]. 

Let AS n be the cross-product algebra kluf 1 , . . . , u^ 1 ] * S n with respect to the natural 
permutation action of S n on kluf 1 , . . . , u^ 1 ]. In other words, AS n is generated by the ele- 
ments £i, . . . , t n -\ and invertible elements ui, . . . , u n subject to the relations (13. ip together 
with 

tiUiti W^+l? UiUj UjU{. 

Similarly, we let SAS n denote the cross-product algebra k[u\, . . . ,u n ] * S n with respect to 
the natural permutation action of S n on k[ui, . . . , u n ]. The algebra SAS n can be presented 
in the same way as AS n , with the invertibility condition on the Ui omitted. 

Now define the affine symmetric category AS to be the monoidal category C^AS*) 
corresponding to the multiplicative sequence AS* = {AS n \ n ^ 0}. Similarly, define the 
semi-affine symmetric category SAS to be the monoidal category C(SAS^) corresponding 
to the multiplicative sequence SAS* = {SAS n \ n ^ 0}. 

Using the presentations of the algebras AS n and SAS n we obtain the following. 

Proposition 5.4. The multiplicative sequence AS* is generated by t G AS2 and an invert- 
ible element u G AS\ subject to the relations 

t 2 = 1 in AS 2 , 

tfii^u (g) 1) = ® u)t in AS 2 , 

A*2,i(* <8> l)/xi, 2 (l <8> «)a*2,i(* <S> 1) =/ii,2(l®%2,i0® l>i,2(l®t) in AS 3 . 

Moreover, the multiplicative sequence SAS* admits the same presentation with the invert- 
ibility condition on u G SASi omitted. 

The next corollary is immediate from Theorem 15.21 

Corollary 5.5. The affine symmetric category AS is a free symmetric monoidal category 
generated by an object X and an automorphism x : X — > X. Moreover, the semi-affine 
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symmetric category SAS is a free symmetric monoidal category generated by an object X 
and an endomorphism x : X — > X . □ 



5.2 Fiber functors from S(A) 

We now return to the Schur-Weyl category S(A) associated with an arbitrary unital asso- 
ciative algebra A as defined in the beginning of Sec. El 

The natural embeddings k[S n ] > SA n define a homomorphism of multiplicative se- 
quences k[S*\ SA*. This gives rise to a monoidal functor S — > S(A) which sends 
the generator X G S to the generator X G <S(A) and sends the Yang-Baxter operator 
c G End s (X m ) to c G End s{A) {X® 2 ). The algebras A® n * S n admit natural multiplicative 
decompositions with the components A® n and fc^]. Hence, applying Theorem 12.31 we 
derive that the right adjoint F : S(A) — > S is also monoidal. By Theorem 15.21 the functor 
F is determined by its values on the generating object X G S(A) together with its values 
on the generating morphisms a G A = End^^X) and c G Ends^^X® 2 ). The object 
F(X) is the tensor product X® A of the generator X G S with the underlying vector space 
of the algebra A. For any element a G A the endomorphism F(a) is the morphism induced 
by the linear map A A, which is the left multiplication by a. The automorphism F(c) is 
c<g)t, where we identify Ends((X <g> A)® 2 ) with the tensor product End^X 02 ) ® End(A® 2 ) 
and t : A 02 — )■ A® 2 is the transposition a £g> 5 t— ?• b <g> a. 

Composing the monoidal functor <S(A) — >■ 5 with a fiber functor 5 — > Vect we get a fiber 
functor <S(A) — > Vect. In particular, taking the symmetric fiber functor Fn : S — >■ Vect we 
get a fiber functor F/v : — >■ Vect. Applying Theorem 15.21 as above, we find that Fn 

is determined by its values Fjv(X), Fn(c) and Fn(o) for all a G A. Introducing the vector 
space V = k N we find that the object Fn(X) is the tensor product V <& A. For any a <E A 
the endomorphism Fn(ci) is the morphism, induced by the linear map A — » A which is the 
left multiplication by a. The automorphism Fn{c) is the transposition 

t : (V ® A) ® (V ® A) (V ® A) <g> (V ® A), (v®a)®(u®b)^(u®b)(g)(v® a). 

The following is an analogue of Proposition 13 .41 providing an affine version of the Schur- 
Weyl functor SWn and it is verified in the same way. 

Proposition 5.6. The monoidal functor Fn ■ <S(A) — > Vect factors through the category 
1Zep(gl N (A)) of representations of the general linear Lie algebra over A 

S(A) ^ Vect 




1lep(gl N (A)) 
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via a monoidal functor SWn '■ <S{A) — > TZep(gl N (A)) and the forgetful functor 
Kep(Ql N (A)) ->• Vect. 

Remark 5.7. We believe that the functor SWn is full. Although we do not have a proof of 
this conjecture. 



6 Yangians and degenerate affine Hecke algebras 
6.1 Degenerate affine Hecke algebras 

The degenerate affine Hecke algebra A n is the unital associative algebra generated by ele- 
ments ti, . . . , t n -\ and yx, . . . , y n subject to the relations 

t 2 = 1, = t{tj = tjti for \i — j\ > 1, 

yiU - Uy i+1 = 1, y { yj = y^. 



The assignments 



ti <g> 1 ti, 1 g) tj !->■ £j+ m , 



yi®l^>-yi, 1 ® y-j h-> y j+m 
define algebra homomorphisms 

A m c§) A n ^ A^-f-^ . 

It is easy to see that these homomorphisms satisfy the associativity axiom thus giving rise 
to the multiplicative sequence of algebras A* = {A„ | n ^ 0}; see Sec. 12.11 Hence we get a 
monoidal category C = C(A*) which we call the degenerate affine Hecke category. 

Proposition 6.1. The multiplicative sequence A* is generated by elements y G Ai and 
t G A 2 subject to the relations 

t 2 = 1 m A 2 , 

t^i,i(y®l) ®y)* = 1 in A 2 , 

A*2,i(*® l)/xi t2 (l <8) t)/x 2 ,i(t <S> 1) =/ii, 2 (l®t)/J2,i(t®l)//i,2(l®*) in A 3 . 

Proof. This follows from the presentation for A n . □ 

Theorem 6.2. TTie degenerate affine Hecke category C is a free monoidal category gen- 
erated by one object X , an endomorphism x : X — > X and an involutive Yang-Baxter 
operator c : X® 2 — > X® 2 subject to the relations 

c 2 = 1, (c® l x )(l x ® c)(c ® lx) = (lx ® c)(c (8) l x )(lx ® c), 

and 

(x® l)c- c(l ®x) = 1. (6.1) 
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Proof. This is immediate from Theorem 12.41 and Proposition 16.11 □ 

Theorem 16.21 implies that monoidal functors from £ to a monoidal category C correspond 
to triples (V, x,c), where V is an object in C, x G Ende(V) is its endomorphism, and 
c G End(V® 2 ) is an involutive Yang-Baxter operator satisfying (16. ip . 

Example 6.3. Monoidal autoequivalences of £. Let u be an element of the basic field 
k. The triple (X,x + ul,c) defines a monoidal functor T u : £ — >■ £. The composition 
T u o T v is canonically isomorphic (as a monoidal functor) to T u+V . Hence T u is a monoidal 
autoequivalence of £. □ 

Due to [23J, the degenerate affine Hecke algebra A n admits multiplicative decomposi- 
tions 

A n = k[yi, ...,y n ) k[S n ) = k[S n ) k{y u ...,y n )- (6.2) 
In the particular case n = 2 the decompositions (16. 2 p follow from the relation 



yi - V2 

where / (2/1,2/2) is a polynomial in yi,y 2 . 

The natural embeddings fc[5 n ] A n define a homomorphism of multiplicative se- 
quences k[S*] —> A*. Hence, we get a monoidal functor S — > £ which sends the generator 
X 6 5 to the generator X G £ and sends the Yang-Baxter operator c G End^X® 2 ) to 
c G End,c(X® 2 ). By Theorem 12. 3[ its right adjoint F : £ — > S is also monoidal. Further- 
more, due to Theorem 16.21 the functor F is determined by its values on the generating 
object X G £ together with its values on the generating morphisms x G End^(X) and 
c G End^X 02 ). We now describe these values. The object F(X) is the tensor product 
X <g) k[y] of the generator X G S with the vector space of polynomials k[y}. The en- 
domorphism F(x) is the morphism induced by the linear map k[y] — > k[y] which is the 
multiplication by y. To describe the automorphism F(c), identify Ends((X ® k[y})® 2 ) with 
the tensor product 

End 5 (X^ 2 ) <g> End(% l5 y 2 ]) ~ k[S 2 ] <8> End(%i, y 2 \). 

Here End(/c[j/i, y 2 ]) is the algebra of fc-endomorphisms of the vector space k[yi,y 2 ] — kly]® 2 . 
Then we have F(c) = d+tr, where t G S 2 is the involution, d G End(/c[yi, 2/2]) is the divided 
difference operator 

df{yuy 2 ) = (6.3) 

yi - 2/2 

and r is the algebra automorphism of fc[t/i, 2/2] defined on the generators by t(j/i) = 2/2 and 
t(j/ 2 ) = 2/i- 
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6.2 Fiber functors and Yangians 

Composing the monoidal functor £ — >■ S with a fiber functor S — > Vect we get a fiber 
functor £ — > Vect. In particular, taking the symmetric fiber functor Fn : S — > Vect we get 
a fiber functor Fjy : £ — > Vect (for which we keep the same notation). By Theorem 16.21 
-F/v is determined by its values on the generating object X £ £ together with its values on 
the generating morphisms x G End,c(X) and c G Endc(X® 2 ) . Now we describe the triple 
(Fn(X), Fn(x), Fn(c)). The object F^(X) is the tensor product V g> k[y], where V = k N . 
The endomorphism Fn(x) is induced by the operator of multiplication by y in k[y] so that 

F N (x)(v ®y s ) = v ®y s+1 , veV. (6.4) 

To describe F N (c), we identify F N (X) <g> Fjv(X) with V g V g % 1; y 2 ] by 

(v g y r ) g (w g y s ) H> u <g> w g 

Then for any / G fc [3/1,3/2], 

Fn{c)(v <S>w<S> f(yi, V2)) = w®v<3 f(y 2 , 3/1) + 1> g w g df(y h y 2 ). (6.5) 

In particular, it follows from the definition that the homomorphisms F^(x) and F^(c) 
satisfy the relations 

(F N (x) g l)F N (c) - F N (c)(l g Fat(x)) = 1, 
(F N (c) g 1)(1 g *V(c))(*V(c) g 1) = (1 g Fv(c))(Fv(c) g 1)(1 g F^(c)). 

Now we recall some basic facts about the Yangian; see e.g. (HI Ch. 12] and [261 Ch. 1] for 
more details. The Yangian Y(g[ Ar ) is the unital associative algebra generated by elements 
t\j with 1 ^ i, j ^ N and r = 1, 2, . . . subject to the defining relations 



[*S +1) ,4 > ]-[*S ) ,*£ fl) ] = *£ ) *S ) -*£ ) 4 ) . (6-6) 

where r, s ^ and t^ 1 = 5^. The Yangian is a Hopf algebra with the coproduct defined 
by 

N r 
fe=l s=0 

The Hopf algebra Y(gtjy) is a deformation of the universal enveloping algebra U(0[ 7V [y]) 
in the class of Hopf algebras. As before, we let {ei, ...,ejv} denote a basis of an N- 
dimensional vector space V. Then the vector representation of gl N in V extends to a 
representation of on the vec t° r space V®k[y], and it gives rise to the representation 

of Y(gl N ) on this space defined by 

tt?{e k ®y s ) = 5 jk e l ®y r+s -\ (6.8) 
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Proposition 6.4. The fiber functor : C — > Vect factors through the category of repre- 
sentations of the YangianY(Q[ N )-M.od, 



C - — Vect 



D N 

Y( d l N )-Mod 



via a monoidal functor D N : C —> Y(Q[ N )-M.od and the forgetful functor Y(gl N )-A4od — > 
Vect. 

Proof. We need to show that the maps Fn(x) and Fn(c) defined in (16.41) and (16.51) are 
morphisms of Y(g [^-modules. This is obviously true for Fn(x). Furthermore, writing the 
action (16. 8p in terms of the formal series 



(r) -r 
ij 



r=l 

we get 

tij(u)(v ® y s ) = (8 iS + -^-) (v ® y s ), 
\ u — y / 

where the G End(V) denote the standard matrix units. By the coproduct formula 
we have 

iV 



tij{u)(v®w® 2/2)) = Y] [Sik + tlk )v® [5 kj + 6k ' J )w ® f(yi,y 2 ). 

' \ u-y x ) \ u-y 2 J 

Hence, applying (I6.5p . we get 



JV 

F N (c)Uj(u) (v®w® f(yi,y 2 )) = Y] [S k j + &kj )w <g> [5 ik + 6lk )v <g> f(y 2 ,yi) 

v u-yiJ \ u-y 2 J 



+ Sij (v <g> w (g) <9/(yi, y 2 )) + (e^ <E> w <8> d L^lL^ \ 

u — y± 



+ (v® e ijW ® 9 Z^llM) + V ( e lk v ® e fe ^ ® 9 . /( ^ 2) - ) . 



fc=l 

On the other hand, 

A' 



tij(u) F N (c) (v®w® f(yi,y 2 )) = (Sik + Blk )w® [5 kj + 6kj )v®f{y 2 ,yi) 

v u-yi/ \ u-y 2 J 

N 

+ J2 ( 6 * + ® (S kj + -^-)w<8> df(y u y 2 ). 
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In order to compare these two expressions, note that 

af(yi,V2) /(J/2, 1 r, f( , 

d = t T7 r + df(y 1 ,y 2 ), 

u-yi {u-y 1 ){u-y 2 ) u-y x 

0/(2/1,2/2) f{y2,yi) 1 af( v 

u-y 2 {u- yi){u- y 2 ) u-y 2 

and 

rj /(2/l,2/2) 1 p.f( \ 

{u-yi){u- y 2 ) (u-yi)(u- y 2 ) 

Therefore, 

F N {c)tij{u) (v®w® f{yi,y 2 )) - Uj(u) F N (c) (v ® w ® f(y 1 , y 2 )) 

N 

+ X] ( e ^' w ® eifct> ~ e,ikW ® ek j v )) ® 



e^v <x> w — v (x> ejjit; 



(«-2/i)(«-3/a) 



fc=l 

Taking the basis vectors v — e a and w = e& we find that the expression in the brackets 
equals 

<5 ja e; <g> e b - 5 jb e a <g> + <5j b e a g) - <5 ja e; <8> e fe = 0, 
thus completing the proof. □ 

The functor Dn is called the Drinfeld functor. The following property of Dn was 
essentially established in PQ, [T3] . 

Proposition 6.5. TTie Drinfeld functor Dn '■ £ — > Y{^\ N )-M.od is full. 

Proof. By the construction, Dm sends the generator X of £ to the vector representation 
V\y] = V ® k[y) of Y(gl N ). As D N is a monoidal functor, we have D N (X® n ) = {V[y))® n , 
while the effect of D^ on morphisms amounts to the collection of homomorphisms 

A n End Y ( 0(jv) (l / [i/] ® V[y) ® . . . ® Vfo]). 

Note that in this description we actually work in the category C(A#) rather than C = C(A*). 
Extending now Dn to C we come to the formula 

D N (M) = M ® An (V%]f n , M G A4od-A n . 

The multiplicative decomposition A n = fc^] fc[2/]® n allows us to identify 

M®K n (V[y}f n ~ M <8> fc[5n] V^ m . 

Due to the results of [T], [T3], the functors 

Mod-A n — > Y(gl N )-Mod, M^M ® k[Sn ] V® n 

are full. □ 
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7 Quantum affine algebras and affine Hecke algebras 



7.1 Affine braid groups and affine Hecke algebras 

The affine braid group B n is the group with generators ti, . . . , t n _i and y%, . . . ,y n subject 
to the defining relations 

titi+lti — t{tj = tjti for \l — j\ > 1, 

Uyiti = Vi+u yiVj = yjyi- 

The assignments 

ti <g) 1 M- ti, 1(g) tj I y tj +m , 

yi®l^y h 1 <g> yj ^ y j+rn 
define algebra homomorphisms 

k[B m ] <g k[B n ] -)> k[B m+n ) 

These homomorphisms satisfy the associativity axiom and so give rise to the multiplicative 
sequence of algebras k[B*\ = {k[B n } \ n ^ 0}; see Sec. 12.11 Hence we get a monoidal 
category B = C(k[B*\) which we call the affine braid category. 

Proposition 7.1. The multiplicative sequence k[B n ] is generated by elements y G k[B-\\ 
and t G k[B 2 ] subject to the relations 

tfjLx^y® l)t = ®y) in k[B 2 ], 

/i 2i i(t <g> l)/ii, 2 (l ® *)^2,i(* ® 1) = /^i,2(l <8> ® 1)^1,2(1 ® in k[B 3 }. 

Proof. This follows from the presentation for B n . □ 

Theorem 7.2. TTie affine braid category is a free monoidal category generated by one 
object X , an endomorphism x : X — > X and a Yang-Baxter operator c : X® 2 — > X® 2 
subject to the relations 

(c <g> l x )(l X ® c)(c ® lx) = (lx <8) c)(c <g> <8> c) 

and 

c(x g) l)c = 1 <g X. 

Proof. This follows from Theorem 12.41 and Proposition 17.11 □ 
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Now we define certain quotients of the affine braid group algebras. Fix a nonzero 
element q G k. The affine Hecke algebra H n (g) is the associative algebra generated by 
elements ti, . . . , and invertible elements y%, . . . , y n subject to the relations 

(U - q)(ti + q' 1 ) = 0, UU +1 U = t i+1 Ut i+1 , Utj = tjU for \i - j\ > 1, 

UViU = Vi+i, ViVj = VjVi- 



The assignments 



U®l\-tti, I® tj tj +m , 



define algebra homomorphisms 

: H m (g) ® H n (g) -»■ H m+n (g) 

making the sequence H*(?) = {H n (g) | n ^ 0} into a multiplicative sequence of algebras; 
see Sec. 12.11 This gives rise to a monoidal category H(q) = C(H*(g)), which we call the 
affine Hecke category. 

Proposition 7.3. The multiplicative sequence H*(g) is generated by elements y G Hi (g) 
and t G H 2 (g) subject to the relations 

(t - q)(t + q- 1 ) = m H 2 (g), 

tni,i{y®l)t = n^ x {l®y) in H 2 (g), 

/i 2 ,i(t ® 1)^1,2(1 ® t)j*2,i(* ® 1) = ^1,2(1 ® *)/*2,i(t <8» 1)^1,2(1 ® f) zn H 3 (g). 

Proof. This follows from the presentation of H n (g). □ 

Theorem 7.4. TTie affine Hecke category is a free monoidal category generated by one 
object X , an endomorphism x : X — > X and a Hecke Yang-Baxter operator c : X® 2 — > X® 2 
subject to the relations 

(c -q)(c + g" 1 ) = 0, (c <g> l x )(lx ® c)(c ® lx) = (U ® c)(c <8> ® c) 

and 

c(x ® l)c = 1 <g) X. 

Proof. This follows from Theorem 12.41 and Proposition 17.31 □ 

Corollary 7.5. Monoidal functors from the affine braid category [resp., from the affine 
Hecke category) to a monoidal category C are determined by triples (V,x,c), where V is 
an object in C, x G Endc(V) is its endomorphism, and c G End(l /(Xl2 ) is a (Hecke) Yang- 
Baxter operator such that 

c(x® l)c= 1 ®x. (7.1) 
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Example 7.6. Monoidal autoequivalences ofH(q). Let u be an invertible element of the 
basic field k. The triple (V,ux,c) satisfies the conditions of Corollary 17.51 and so it defines 
a monoidal functor T u : l-i{q) — > "H(g). The composition T u o T v is canonically isomorphic 
(as a monoidal functor) to T uv . Hence T u is a monoidal autoequivalence of H{q). □ 

Due to [23j Lemma 3.4], afline Hecke algebras admit multiplicative decompositions 

H»(g) = k[yf\ ■ ■ -ivt 1 ] Hn(g) = H n (g) fcfof , . . . .y* 1 ]. (7.2) 
For n = 2 the decomposition f lT.2 ft follows from the relation 

tf(yi,V2) = f(V2,Vi)t- (q-q )y 2 , 

y\ - ya 

where / (2/1, 2/2) is an arbitrary Laurent polynomial in yi,y 2 . 

The monoidal functor "H(g) — >■ "H(qO defined by the natural homomorphism of mul- 
tiplicative sequences H*(g) — >■ H*(g), sends the generator X G "H(g) to the generator 
X G H(q) and sends c G End w((?) (X® 2 ) to c G End^ (?) (X® 2 ). By Theorem Efl its right 

adjoint F : %(q) — > is also monoidal. By Corollary 17.51 the functor F is determined 
by its values on the generating object X EH(q) together with its values on the generating 
morphisms x G End^JX) and c G End^-^X® 2 ). Now we describe these values. The ob- 
ject F(X) is the tensor product X®k[y ±l ] of the generator X G H{q) with the vector space 
kly^ of Laurent polynomials. The automorphism F(x) is the morphism induced by the 
linear map /c[2/ ±:L ] — > kly^}, which is multiplication by y. To describe the automorphism 
F(c), identify End^/ MX <g> k[y ±l })® 2 ) with the tensor product 

End H[q) (X® 2 ) <g> End(k[yt,yt]) - H 2 (g) ® End(%± y±]). 

Here End(/c[?/j t , y^]) is the algebra of /c-endomorphisms of the vector space of Laurent 
polynomials fcfyf,^] — k[y ± ]® 2 . We have -F(c) = d + tr, where i = £1 is the generator 
of ^ 2 {q), r G End(A;[?/j t , y^\) is the algebra automorphism T(f)(yi,y 2 ) = f{y2,yx) and 
d G End(%±y±]) is defined by d(f) = -{q - q- l )y 2 { yi - y 2 )-\f - r(/)). 



7.2 Fiber functors and quantum affine algebras 

Let us compose the monoidal functor F : %{q) — > H{q) with the monoidal fiber functor 
F N : H(q) —> Vect considered in Sec. 14.21 We get a fiber functor F N : H(q) —> Vect 
which we denote by the same symbol. By Corollary 17.51 F*n is determined by its values 
on the generating object X G %{q) together with its values on the generating morphisms 
x G End#/ JX) and c G End^ q) (X® 2 ) . The object F N (X) is the tensor product V®k[y ±l ], 
where V = k N . The endomorphism F^(x) is the morphism, induced by the multiplication 
by y in k[y ±l ] } 

F N {x){v®y s ) = v®y s+1 . (7.3) 
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The map F N (c) : F N (X) g F N (X) -> F N (X) g F N (X) is given as follows. Identifying 
F N (X) g F^(X) with V (8) V g fcfoj", y^ 1 ] by 

(f g t/ r ) g (w g y s ) H> u g iw g 

we can write Fj^(c) as 
Fjv(c) (v g w g f{yi,y 2 )) = R(v g w) g /(y 2 , yi) - (g - g _1 > g w g y 2 0/(yi, 1/2), (7.4) 

where the operator i? is defined in (14. 3p . and d is the divided difference operator (16. 3p 
extended to Laurent polynomials. 

We will now formulate an analogue of Proposition I6.4[ where the role of the Yangian is 
played by the quantum affine algebra Ug(jjljy-) (with the trivial center charge), also known 
as the quantum loop algebra. The role of the vector representation is now played by the 
space V g ^[y* 1 ]. Explicit formulas for the action of U 9 (gljv) on this space are analogous 
to (16.81) and they can be found in [TT] . 

Proposition 7.7. The fiber functor Fn : H(q) -> Vect factors through the category of 
representations \J q (Ql N )-Aiod of the quantum affine algebra 

H(q) — Vect 




U q (Ql N ) -Mod 

via a monoidal functor GRVn '■ "H(<?) — > ^Jq(Q^N)'Mod and the forgetful functor 
V q (gi N )-Mod — > Vect. 

The proof is quite similar to that of Proposition 16.41 and amounts to checking that 
Fn(x) and Fn{c) are morphisms of U (? (0[ iv )-modules. We omit the details; see also [T7] . 

We call GRVn the Ginzburg-Reshetikhin-Vasserot functor, as the following version of 
the Schur-Weyl duality for the quantum loop algebras was proved in [T7]; see also [7J. 

Proposition 7.8. The functor GRVn ■ "%(<?) — > XJ q (gi N )-Mod is full. 

8 Localizations and categorical actions 
8.1 Localizations with respect to discriminants 

Here we discuss some applications of the universal properties of the affine Hecke category 
%{q) and its degenerate version C We will regard H(q) and C as respective quantum 
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deformations of the affine symmetric category AS and the semi-affine symmetric category 
SAS and we will show that these deformations are trivial away from some discriminant- 
type loci. 

To formulate the precise statement, let A C AiorAS be the monoidally and multi- 
plicatively closed set of morphisms generated by a; £g> 1 — l<g>x; see Sec. 15.11 In other words, 
for each n we consider the multiplicatively closed set of morphisms generated by 

A n e k[yf\ y* 1 } 8 " C k[yf\ . . . , y* 1 } * S n = End AS (X® n ) } 

where A n = Y\.i^j{Vi~ Uj) * s the discriminant polynomial. Note that the algebra of symmet- 
ric polynomials k[yf l , . . . , y^ 1 ] 5 ™ coincides with the center of the endomorphism algebra 
End_45(X (g " 1 ) so that A n commutes with all morphisms in AS. Denote by ^^[A^ 1 ] the 
category of fractions with respect to A; see e.g. [16] for the definition. This category has 
the form C(A*), where A* = {A n | n ^ 0} is the multiplicative sequence of the localized 
algebras A n = (ktyf 1 , . . . , y^ 1 ] * 5 n )[A^ 1 ]. Therefore, the category AS^A -1 ] is monoidal. 
A similar argument shows that the category SAS [A^ 1 ] is also monoidal. Moreover, the 
localization functors AS — > ASIA^ 1 ] and SAS — > SASIA^ 1 ] are monoidal. 

It is well known from [3] that the center of the affine Hecke algebra H n (g) for generic q 
coincides with the algebra of symmetric Laurent polynomials ktyf 1 , . . . 1 y^ 1 ] Sn ) while the 
center of the degenerate affine Hecke algebra A n coincides with the algebra of symmetric 
polynomials k[yi, . . . , yn} Sn - Therefore, it is unambiguous to define the respective categories 
of fractions as 

HmA- 1 } = C(H,(g)[A; 1 ]) and C^ 1 } = C(A,[A; 1 ]). 

Proposition 8.1. The assignment (X,x,c) (X, x,c), where 

c = (x <g> 1 - 1 (g)x) _1 ((g _1 - q)(l ® x) + (q(x ® 1) - <g)x))c) (8.1) 

defines a monoidal functor 1-L(q)[A~ 1 } — > ASIA^ 1 ]. 

Moreover, the assignment (X,x,c) i-> (X,x,c), where 

c = (x ® 1 - 1 ® x)' 1 (l®l + (x®l-l®z-l® l)c) (8.2) 

defines a monoidal functor £[A _1 ] — > SASIA^ 1 ]. 

Proof. In the affine Hecke category case, write c = a + (q — a)t as an element of k[x±, X2] *5 , 2 
with t — c and a = (q^ 1 — q)x2 {x\ — a^) -1 ; where X\ — x ® 1, Xi = 1 ® x. Now we verify 
the relations 

(c-q)(c + q- 1 ) = 0, (z<g> l)c-c(l®x) = 1, (8.3) 
(c® l x )(lx® c)(c® l x ) = (lx ® c)(c® l x )(lx ® c) (8.4) 
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by direct computations in k[xi,x 2 ] * S 2 and k[x±, x%, x 3 ] * S3, respectively, where in the 
latter case we interpret the variables as £1 = x eg) 1 ® 1, x 2 = 1 ® x ® 1 and x 3 = 1 <8> 1 <S> x. 
Noting that ta — (q — q^ 1 — a)t we get 

(a - q + (q - a)t)(a + q~ x + (q — a) t) 

= (a — q)(a + q^ 1 ) + (a — q)(q — a) t — (q — a) (a — q) t + (q — a)(g _1 + a) t 2 = 

and 

(a + (q — a)t) x±(a — (q — a)t) 

= a 2 xi + (q — a)x 2 (q — q^ 1 — a)t + ax\(q — a) t — (q — a)(g~ x + a) t 2 
= x 2 + a(a(x 1 - x 2 ) - (q^ 1 - q)x 2 ) + (q - a) (a(xi - x 2 ) - (q~ l - q)x 2 ) t = x 2 , 

thus proving ( 18. 3p . To verify (18 ,4p . note that the relation is equivalent to 

(012 + {q-a) ti2)(a 23 + (q - a) t 23 )(a 12 + (q - a) t 12 ) 

= (^23 + {q-a) t 23 )(a 12 + (q - a) t 12 )(a 23 + (q - a) t 23 ), (8.5) 

where we used the notation a\ 2 — a <g> 1, 023 = 1 <8> a and a r3 = tia 23 ti = t 2 a\ 2 t 2 . Now 
compare the coefficients of the elements of S 3 on both sides of (18. 5p . They obviously equal 
for the elements t\t 2 , t 2 ti and tit 2 ti = t 2 tit 2 , while for 1, t\ and t 2 we need to check the 
following relations, respectively: 

012^23012 + {q~ ai 2 )ai 3 (g~ 1 + a 12 ) = a 23 a 12 a 23 + (q - a^ax^q" 1 + a 23 ), 

ai2fl23(? - Oi 2 ) + (q - a 12 )a 13 (q - q' 1 - a 12 ) = a 23 (q - a 12 )a 13 , 
a 12 (q - a 23 )ai 3 = a 23 a u (q - a 23 ) + (q - a 23 )a r3 (q - q' 1 - a 23 ). 

However, all of them follow from the identity 

a 12 a 23 - a 12 a 13 - a 13 a 23 + (q - q~ x )a 13 = 0, 

which is verified directly by substituting the expressions for a± 2 , a 23 and 013 in terms of x\, 
x 2 and x 3 . 

In the case of the degenerate affine Hecke category, the argument is quite similar. We 
write c = a + (1 — a) t as an element of k[x%, x 2 \ * S 2 with t = c and a = (xi — x^^ 1 , where 
X\ — x <S> 1, x 2 = 1 ® x. Now the relations 

c 2 = 1, (x® l)c-c(l®x) = 1, 

(c® lx)(lx ® c)(c® l x ) = (lx ® c)(c® ® c) 

are verified directly by computations in fcfxi,^] * S2 and x 2 ,x 3 ] * S 3 , respectively, 
exactly as in the Hecke category case. □ 
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Let A(g) C AiorAS be a monoidally and multiplicatively closed set of morphisms 
generated by q(x <g) 1) — <8> x). That is, for each n we consider the multiplicatively 

closed set of morphisms generated by 

A(g)n G k[yf\ yff" C k[yt\ yf] * S n = End^(X^), 

where A(g) n = n^C*?^ — I^Vj) * s the Quantum discriminant polynomial. We can also 
consider A q as a set of morphisms of H(q). Similarly, let A C AdorSAS be a monoidally 
and multiplicatively closed set of morphisms generated by x Cg> 1 — 1 <2) x — 1 £g> 1, so that 
for each n we consider the multiplicatively closed set of morphisms generated by 

A n G k[ Vl , y n ] s " C k[y[ ...,y n )*S n = End SAS (X® n ), 

where A n = YltyjiVi ~ Vj ~ -0 * s the degenerate quantum discriminant polynomial. Similar 
to the above, we can consider A as a set of morphisms of C. 

The proof of the following is completely analogous to and partly follows from the proof 
of Proposition 18.11 

Proposition 8.2. The assignment (X,x,c) h- > (X, x,c), where 

c= (g(x<g> 1) 1 - 1 ®x)c + (q^ 1 - q)(l <g> x)) (8.6) 

defines a monoidal functor AS[A(q)^ 1 } — > l-L(q)[A(q)~ 1 ]. 
Moreover, the assignment (X, x,c) i— >■ (X, x,c) ; where 

c=(x<g>l-l<g>x-l<g} 1) _1 ((x g> 1 - 1 <g> x) c + 1 g> l) (8.7) 

defines a monoidal functor S AS [A^ 1 ] — >■ £[A -1 ]. 

Combining Propositions 18.11 and 18.21 we come to the following theorem, where we let 
D(q) = AA(q) denote the set of compositions of morphisms from A and A(q), and let 
D = A A denote the set of compositions of morphisms from A and A. 

Theorem 8.3. The monoidal categories AS[D(q)~ l ] and'H{q)[D{q)^ 1 ] are equivalent. 
Moreover, the monoidal categories SASID^ 1 ] and jCf-D" 1 ] are equivalent. 

Proof. Both statements follow from the observation that each pair of constructions ( 18. ip 
and (18.61) . as well as (18. 2p and (18. 7p . are inverse to each other. □ 

Remark 8.4. By the Galois theory, k[yx, . . . , ^[A^ 1 ] * S n is isomorphic to the algebra 

M nl (k[y 1 ,...,y n ] Sn [A- 1 }) 
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of n\ x n! matrices with coefficients in the localization k[yi, . . . , y^p^A" 1 ] of the algebra 
of symmetric polynomials. Theorem 18.31 implies that the algebra B. n (q)[(A n A(q) n )~ 1 ] is 
isomorphic to the matrix algebra 

M r 4k[yf\...,y^] Sn [(\A(q)n)- 1 ])- 
Similarly, the algebra A„[(A n A n ) _1 ] is isomorphic to the matrix algebra 

8.2 Orellana— Ram and Cherednik— Arakawa— Suzuki functors 

Here we give a construction, turning a braided monoidal category with a Hecke object into 
a module category over the affine Hecke category; see e.g. [19], [28] for the definition of 
a module category. Our construction has been motivated by the work of Orellana and 
Ram [27]. 

Let C be a braided monoidal category and let c X Y denote the braiding 

c X Y : X <g> Y ->• Y g> X. 

Fix an object X of C and let O : C — > C be the functor of tensoring by X from the 
right: 0(Y) = Ox{Y) = Y <g> X. Note that O, as an object of the monoidal category of 
endofuctors J r unct(C , C) , possesses a Yang-Baxter operator c, which is (as a morphism in 
the functor category J r unct(C , C)) the natural transformation Cxx : 

o o o(F) = y <g> x 02 ly ^ Cx,x * y ® x® 2 = o o o(y) . 

Define an endomorphism x : O — > O (a natural transformation) as the composition: 

o(Y) = y®x — Cy ' x * x (gi y — 6 * ,y ; y®x = o(y). 

Lemma 8.5. T/ie inp/e (0,a;,c) defines a monoidal functor ORx '■ B — > FunctiO^C). 

Proof. The following commutative diagram (which is a joint of two coherence diagrams for 
the braiding) guarantees that c and x satisfy the condition (17. lft : 

y ® x^ 2 x ® y ® x ° X ' Y ® X > y ® x® 2 



ly®c XJf 



y <g> x® 2 x ® y g> x — : y ® x® 2 

thus proving the claim. □ 
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We call ORx the Orellana-Ram functor corresponding to X e C. In the particular case 
C = B we get a monoidal functor OR : B —> Funct{B, B) corresponding to the generating 
object of B. It is easy to see that this functor is faithful (injective on morphisms) . 

An object X of a braided monoidal category C will be called a Hecke object, if the 
braiding cx,x E Endc(A® 2 ) satisfies the equation (cx,x — ?lxigx)(cx ) x + <I~ l lx®x) = 
for some non-zero scalar q E k. 

Proposition 8.6. If X is a Hecke object of C, then the functor ORx factors through the 
affine Hecke category %(q), giving rise to a functor ORx '■ H(q) —> Funct{C,C). 

Proof. By definition, the Yang-Baxter operator c on the functor O satisfies the equation 
(c-g)(c + g~ 1 ) = 0. □ 

Now we describe a degenerate analogue of the Orellana-Ram functors. The construction 
(a special case of which was studied in [2] and [5]) requires an infinitesimal version of the 
notion of braided category. The notion of chorded categories was virtually defined by 
Drinfeld [14J and was studied in [22] under the name infinitesimal symmetric categories. 
Due to their relation with Kontsevich's chord diagrams we will call them chorded categories. 

Let C be a symmetric monoidal category with the symmetry cx,y- A chording on C is 
a natural collection of morphisms hx,Y '■ X <g> Y — > X <g> Y satisfying the conditions: 

Cx,Y h Y,X = h x ,Y c x,Y (8.8) 

and 

h x ,Y®z = h x , Y ® lz + (lx ® cy,z)(/ix,z ® ® cy,z) _1 - (8.9) 

A symmetric monoidal category with a chording will be called a chorded category. 
A symmetric monoidal functor F : C — >■ P between chorded categories is chorded if 

Fx,yF{Hx,y) = hF(X),F{Y)Fx,Yi 

where 

: Fpf ® y) -> F(X) <8) 

is the monoidal constraint of F. 

Now we describe a construction, which endows the category of representations of a Lie 
algebra with a chorded structure. A Lie algebra g will be called a Casimir Lie algebra, if 
it is equipped with a symmetric and g-invariant element Q G g <8> 0. 

Proposition 8.7. Let (g,0) 6e Casimir Lie algebra and let M,N e 7?.ep(£i). T/ie relation 

^M,Af( m ® n) = Q(m ® n), m e M, n E N, 
defines a chorded structure on the category of representations TZep(g) of g. 
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Proof. The g-invariance of Q implies that Hm,n is a homomorphism of representations of 
q; i.e., a morphism in TZep(g). The condition (18. 8 j) follows from the symmetry property of 
£7. Finally, we have the identity 

(1 ® A)(fi) = ^12+^13, 

where A(y) = y®l + l®yfor?/Gg, which verifies the condition ( 18. 9ft . □ 

An object X of a chorded category C will be called a degenerate Hecke object, if the 
chording is proportional to the commutativity morphism, hx,x — A cx,x for some non-zero 
scalar X E k. Let C be a chorded monoidal category and let X be a degenerate Hecke object 
of C. Let O : C — > C be a functor of tensoring by X from the right, 0(Y) = Ox(Y) = Y®X. 
Note that O, as an object of the monoidal category of endofuctors J r unct(C,C), possesses 
a Yang-Baxter operator c, which is (as a morphism in the functor category Tuncb{C,C)) 
the natural transformation O r : 

c x,x 

o o o(Y) = Y®x m lY ® Cx - x > r ® X 552 = O o 0(F) . 

Define an endomorphism x : O — ?• O (a natural transformation): 

0(F) = y ® x A lfey,x > y ® x = o(y). 

Proposition 8.8. Le£ C be a chorded monoidal category and let X be a degenerate Hecke 
object ofC. Then the triple (0,x,c) defines a monoidal functor CAS x '■ £ —> J-unct(C,C). 

Proof. The condition (16. ip follows from the chording axiom. Indeed, the natural transfor- 
mation (x ® 1) c — c(l ® x) E End(0(X) o 0(X)) evaluated at Y E C has the form 

A _1 (/iy,x® lx)(l Y <8> cx,x) - A <8> cx,x)hy®x,x 

= X~\h Y ,x ® U)(ly ® cx,x) - A- X (l y <g> c X)X ) 

x (l y ® + (ly <g> c x ,x)(/iY,x ® lx)(ly ® cx,x)J 

= A _1 (ly ® c x ,x)(ly ® = ly®x®x, 

as required. □ 

We call the functor CASx the Cherednik-Arakaw a- Suzuki functor corresponding to 
X E C; see the following examples. 

Example 8.9. Representations of gl N . Let V be the X-dimensional vector representation 
of the Lie algebra qI n . Consider the chorded structure on the category C = 7Zep(Ql N ) of 
representations of gl N given by the standard Casimir element C E gl N <S> 0^. Then V is 
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a degenerate Hecke object of C. This gives a functor CASy '■ C — > Tunct{C,C) studied 
in some form in [2] and [9]; see also [TO], Lemma 7.21]. Note also its relationship with 
the functors used in [5] (for gl m+n -modules) and in [6] (for 0l m | n - modules) to establish 
equivalences of categories, giving rise to explicit diagrammatical descriptions of parabolic 
highest weight categories for Qi m+n and for the category of finite dimensional modules over 

Example 8.10. The category S. The category S has a chorded structure uniquely defined 
by hx,x — c x,x- 111 particular, the generator X is a degenerate Hecke object of S. Thus 
we get a monoidal functor CASx '■ £ — > Functus ,S). □ 
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